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AN A N N U L A R  S O U R C E  OF F I N I T E  D I A M E T E R  
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An approximate solution is presented for the problem of laminar  and turbulent slightly twisted 
rad ia l - s lo t  jets of an incompressible  liquid, discharging from an annular source of finite di-  
ameter .  

In all solutions for the problem of laminar  and turbulent slightly twisted radia l -s lo t  jets ([1, 2], etc.), 
it was assumed that the radius of the annular source is zero (Fig. la) .  Consequently, the above-enumerated  
solutions sa t is factor i ly  descr ibe  the actual flow only at comparat ively  great  distances from the nozzle, ex-  
ceeding the nozzle radius several  t imes over.  

Ginevskii [3] solved the problem of the discharge of laminar  and turbulent untwisted jets from an an-  
nular source  of finite radius.  

Below we will attempt to extend the Ginevskii resul ts  to slightly twisted jet flows, as shown in Fig. 1. 

We should note that for the flows shown in Fig. lb,  as the radius of the annular source tends to zero ,  
the resul t ing solution changes into an asymptot ic  solution that is quite close,  in t e rms  of numerical  values,  
to the above-ci ted solutions [1, 2]. It is natural that this solution, derived for the problem (Fig. lc) ,  is va l -  
id in a region that is not too close to the axis of symmet ry  where the jets collide, where p re s su re  gradients  
are  developed, and where the flow apparently becomes  unstable. 

The boundary- layer  equations for an isobaric  slightly twisted jet a re  writ ten in cylindrical  coordinates 
in the form 

du du 1 dr, 

dx dy p dy 

dw dw _~ uw _ 1 

d (ux) 4- d (vx) = O. 
dx dg 

dxz 

dy ' 

(i) 

(2) 

(3) 

Having integrated (1) and (2) over the boundary layer  of finite width and having eliminated the velocity 
v by means of (3), we find the invariance of the momentum of the jet in the radial direct ion and of the angular 
momentum of the jet in the c i rcumferent ia l  direct ion 

6, 

t _- 2~pxj '  u ~ (y) @ - -  c o n s t ,  (4) 
--81 

A 

M = 2npx~( u (y) w (y) dy = const. (5) 
- -h  

Having presented the profi les  for the f r i c t i on - s t r e s s  components ac ross  the jet in the form of poly-  
nomials of degree y and having determined the coefficients of these polynomials f rom the boundary condi- 
tions which follow from the differential  equations of motion (1)-(3), we have 
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Fig. i. 

b 

Flow d i a g r a m :  a) point  sou rce ;  b) e x t e r n a l  r a d i a l -  
s lo t  je t ;  c) i n t e rna l  r a d i a l - s l o t  je t .  

-q = pu. ,u' , .8 ,u ,  ( l  - u , ) ' ,  (6) 

n=ou,,(rz',. + - ~ )  6~u,. (1 - y,)'. (7) 

R e l a t i o n s  (6) and (7) a r e  iden t i ca l ly  va l id  fo r  both the l a m i n a r  and the tu rbu len t  je t .  

In conjunc t ion  with the c o r r e s p o n d i n g  f o r m u l a s  fo r  the c o m p o n e n t s  of  the s h e a r i n g  s t r e s s  and with the 
i n t eg ra l  r e l a t i o n s  (4) and (5), Eqs .  (6) and (7) m a k e  it p o s s i b l e  to c lo se  the p r o b l e m  c o m p l e t e l y .  

We note tha t  (1) is  independent  of (2) and c o r r e s p o n d s  in a c c u r a c y  to the  c a s e  of flow ha a j e t  wi thout  
twis t ing  [3]. The  s a m e  app l i e s  to (4) and (6). We wil l  t h e r e f o r e  u se  al l  of  the r e s u l t s  fo r  the r ad i a l  d i r e c -  
t ion  in the fol lowing,  wi thout  any f u r t h e r  r e f e r e n c e  to [3].  

In the c a s e  of l a m i n a r  f low in the je t  

~, = {xduldy, % = I~dv/dy. (8) 

This  p ro f i l e  fo r  the ve loc i t y  u has  the f o r m  

U 
- -  = 1 - -  6y~ -}- 8 ~  - -  3 ~ .  (9)  

g m .  

Changes  in the ax ia l  ve loc i t y  u m and in the b o u n d a r y - l a y e r  t h i c k n e s s  51 a r e  sub jec t  to the fo l lowing 
quan t i t a t i ve  r e l a t i o n s h i p s :  

0,186 (K2ti'/3(++x3o_T_ I)_i/3 ' (10) Ulr{l ~--- �9 _ 

xj \ v ]  

= s . o 2 5  ( _+ (li) 
xj 

The upper signs correspond to the case of an external-slot jet (see Fig. Ib); the lower sigmas corre- 
spond to the ease of an internal radial-slot jet (see Fig. I c), and for the first we have x 0 _> I, while for the 
second  we have  1 -> x 0 > 0. 

Subs t i tu t ing  (8) into (7) and in t eg ra t ing  fo r  the condi t ions  w = w m when  y = 0 and w = 0 when  y = 62, 
we have 

w = 1 - -  6y~ '4- 8~  - -  3y], (12) 
W r a  

w,~ --}- 12----~um w~ -1- 6g ----- 0. (13) 

it follows from a comparison of (9) and (12) that the velocity profiles in the direction of the x-axis and the 
circumferential direction are identical. 

270 



ApAr 

30 

20 

I0 

! 3 

I 

2" 
0 / 2 .t 

Fig.  2. Jet  th i ckness .  For  l a m i n a r  flow curve  1 
has  been  ca lcu la ted  f r o m  (11) and (17); cu rve  2 
has  been  ca lcu la ted  f r o m  (20). For  tu rbulen t  flow 
c u r v e  3 has been  ca lcu la ted  f r o m  (26) and (28), 
and cu rve  4 has  been  ca lcu la ted  f r o m  (30). 

t ion. 
Equat ion (13) enables  us to d e t e r m i n e  the change in the jet  p a r a m e t e r s  in the c i r c u m f e r e n t i a l  d i r e c -  
F r o m  the in tegra l  condit ion (5), (9), and (12) we have 

63 = K~/4:~? (8) xu,,,xw,~, 

= [(2/5) - -  (8/35)s -~ + (1/7)8 -~ - -  (1/35)s -4 
y(s) (s [(2/5) .(8/35)83 + (I/7)~ a -  (1/35)e'] 

(14) 

(8 > 1 ) ,  
( i s )  

(8. .< 1). 

in the a s s u m p t i o n  that  e = 61/62 = cons t  and, consequen t ly ,  that  "/(e) = cons t ,  we find 

( 
Afte r  subs t i tu t ion  of (16) into (14) we have 

Af ter  subs t i tu t ion  of (14) into (13) and a f te r  in tegra t ion  in l imi t s  f r o m  xj to x and f r o m  w m = ~ to Wm 

(16) 

/ ,v2 \W3 
~ - 8.025 ~-~-7) (-+ ~ ~ 1)~/~o. (17) 
x~ 

F r o m  (11) and (17) we see  that  

= 6t/62 = const = 1, (18) 

which was  what  had been a s s u m e d  p r i o r  to the in tegra t ion  of (16). 

When x 0 >> 1 (this condi t ion iS equivalent  to the case  xj ~ 0), f o r m u l a s  (10), (11), (16), and (17) a r e  
m a r k e d l y  s impl i f ied :  

[ K ~ l / a  1 (19) =o 186t - ) 

6i = 62 = 8,025 x, (20) 

w.~ == 0.186 ~ -~12 1 x--g-. 

The c o r r e s p o n d i n g  f o r m u l a s  of the solut ions  c i ted in [2], in our  notat ion,  have the f o r m  

u,~ = 0 ,193  x ' 

�9 \ K,  ~ ] x ~ 

and d i f fer  f r o m  (19) and (21) only in the i r  n u m e r i c a l  coef f ic ien t s .  

(22) 

(23) 
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Fig. 3. Change in the ve loc i t ies  u m and w m for l a m -  
inar flow (a) and for  turbulent  flow (b): a: 1) a c c o r d -  
ing to (10); 2) according  to (19); 3) according to (22); 
4) accord ing  to (16); 5) according  to (21); 6) a cco rd -  
ing to (23); b: 1) according  to (25); 2) according  to 
(29); 3) according  to (32); 4) according  to (27); 5) ac -  
cording to (31); 6) accord ing  to (33). 

F igure  2 shows the functions 

A~ = (a~/xj) (K~/~)~/3 = (Sz/xj) (K~/~) ~/~ , 

calculated f rom (11), (17), and (20). 

F igure  3a shows the g raphs  of the functions 
0 

calculated f rom (10), (16), (19), and (21-23). 

It follows f rom Fig. 3a that when x 0 > 2.5 the calculat ions with all of the fo rmulas  a re  close to each 
other .  

However ,  the d i f ference  in the r e su l t s  of the approx imate  and exact  solutions for a slightly twisted 
r a d i a l - s l o t  jet  d ischarging f rom a point source  ( formulas  (19), (21)-(23)) is not g rea t  and fal ls  within the 
l imi t s  of conventional d i f fe rences  between the theory for  a l aye r  of finite th ickness  and the theory for an 
asympto t i c  l aye r .  

In the case  of turbulent  flow in a jet  with slight twisting we can use the f ami l i a r  fo rmula  for the R e y -  
nolds s t r e s s e s  

"vt = p• Ou/Oy, "~2 = p•  Ov/Oy. (24) 
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Subst i tut ing (24) into (6) and (7), and c a r r y i n g  out the t r a n s f o r m a t i o n s  s i m i l a r  to those  which w e r e  used 
above for  the l a m i n a r  jet ,  we de r ive  (9) and (12) f r o m  [3] for  the ve loc i ty  p ro f i l e s :  

urn -- xj ---L (+_ X2o ~ 1) -Ii2, (25) 

61 -- 12• x o -T- x;-l), (26) 
xj 

and ins tead  of (16), in tegra t ing  within the s a m e  l imi t  f r o m  xj to x and f r o m  Wm = ~ t o  win, r e t a in ing  the 
e a r l i e r  a s s u m p t i o n  that  y (~) = cons t ,  we find 

. , ,  w m y(s) Z x-~l(+_x~-T- I ) - ' / 2 ,  (27) 

and it thus fol lows f r o m  (12) tha t  

6_~ = 12• xo -T- xoi). (28) 
xj 

F r o m  (26) and (28) we have the e a r l i e r  r e s u l t  shown in (18). 

We note that  s ince  the je t  is s l ight ly  twis ted ,  a c c o r d i n g  to [3], we can a s s u m e  that  n = 0.0125. 

F r o m  (25)-(28) when x 0 >> 1 (or, what  is the s a m e ,  xj -* 0) we have 

( . ~ )  1t2 1 (29) urn = 0.152 i x - '  

6 t = 6~ = 12•  (30) 

w m = 0.152 ~ / x--- r . (31) 

The  c o r r e s p o n d i n g  f o r m u l a s  for  the solut ion given in [2] fo r  Um and w m have the f o r m  

urn = 0"141( K@ I/~ l - ' x  (32) 

w _ _ = O . 1 4 1 ( K ~ / I ~ V  '~ ' (33) 
, / L G )  7 - '  

and they d i f fer  f r o m  (29) and (30) only in the va lues  of the n u m e r i c a l  coeff ic ients .  

F igu re s  2 and 3b show the changes  in the fol lowing quant i t i es :  

_ 1" a ~ - -  • uxj ' A s = u m x j k - ~ i  ] ' 

In conc lus ion ,  we know that  it fol lows f r o m  Fig. 3a and b and f r o m  (16) and (27) that  fo r  an in te rna l  
r a d i a l - s l o t  je t  the twis t ing  ve loc i ty  w m v a r i e s  f r o m  co for  x 0 = 1 to s o m e  min imum value of w *  for  x 0 = x~, 
and it then i n c r e a s e s  to r when x 0 = 0. 

It fol lows f r o m  (16) for  the l a m i n a r  r e g i m e  that  

x; = 2-'/3, w~n = 0,296(K~/v),i2 (v/K~),t6. 

F o r  the turbulent  r e g i m e  we c o r r e s p o n d i n g l y  find f r o m  (27) that  

x o = 2-i/3, w* = 0.304(K2/• (• 1/2 
m * 

I 
K 1 = I / p  

N O T A T I O N  

is the jet  m o m e n t u m ;  
is the k inemat i c  m o m e n t u m  of the jet; 
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K 2 = M/p 
M 
u, w, and v 

Um= u(0, x); 
Wm= w(0, x); 

! 
ur0 = dUm/dx; 
Wm= dwm/dx; 
xj 
Xo = x/xj;  
yi = y / 6 i  (i = 1, 2); 
~1~ 62 

A = rain (51, ~2); 
e = 61/~ ~ 
~t 
tz 

P 
T l and T 2 

is the kinematic  angular momentum of the jet; 
is the angular momentum of the jet; 
a re  the velocity components along the x -ax i s ,  in the c i rcumferen t ia l  d i rec t ion and along 
the y -ax i s ,  respect ively;  

is the radius of the annular source;  

a re  the ha l f - th icknesses  of the je t  in the d i rec t ion  of the x-axis  and in the c i r c u m f e r -  
ential d i rect ion,  respec t ive ly  

is the exper imenta l ly  de te rmined  constant; 
is the dynamic v iscos i ty  of the fluid; 
is the coefficient  of kinematic  v iscos i ty  for  the fluid; 
is the density; 
a re  the s h e a r i n g - s t r e s s  components along the x-ax is  and in the c i rcumferent ia l  d i r e c -  
tion. 

1o 

2. 
3. 
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